We propose definitions of transverse-momentum-dependent wave functions with simpler soft subtractions for kT factorization of hard exclusive processes. The un-subtracted wave functions involve two pieces of non-light-like Wilson links, which are oriented in different directions, so that the rapidity singularity appearing in usual kT factorization is regularized, and the pinched singularity from Wilson-link self-energy corrections is alleviated to a logarithmic one. Then only a single soft function is required to remove the logarithmic soft divergence, and even no soft function is needed, when the two pieces of Wilson links are orthogonal to each other. We show at one-loop level that the simpler definitions with the non-dipolar Wilson links exhibit the same infrared behavior as the one proposed by Collins recently, and satisfy the similar evolution equation in Wilson-link rapidity.
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As elaborated in [1] , it is nontrivial to establish a welldefined transverse-momentum-dependent (TMD) parton density for k T factorization theorem, which absorbs infrared divergences in a QCD process. The point resides in the design of the associated Wilson links and the introduction of a soft subtraction, so that rapidity divergences [2] and Wilson-line self-energy divergences can be avoided [3] . As light-like Wilson lines are adopted in the un-subtracted TMD definition, rapidity divergences from radiative gluons collimated to the Wilson lines are produced [4] [5] [6] . As these rapidity divergences are regularized by rotating the Wilson lines away from the light cone [4] (a non-light-like axial gauge n · A = 0 with n 2 = 0 was chosen actually), the self-energy divergences attributed to the infinitely long dipolar Wilson lines [3] appear. To overcome the above difficulties, a complicated soft subtraction, which involves a square root of a ratio of soft functions, has been suggested [7] . This new definition is an improvement of the one with multiple non-light-like Wilson links in [8] (see [9] for an overview of TMDs). For a comparison with the TMD parton densities defined in soft-collinear effective theory [10] [11] [12] , refer to [1] .
In this letter we will propose simpler definitions for a TMD wave function without the square root of soft functions, in which the two pieces of non-light-like Wilson lines of the un-subtracted wave function are oriented in different directions. The arguments to support this proposal include: as long as collinear divergences are concerned, the directions of Wilson links could be arbitrary; soft divergences still cancel between the pair of diagrams with radiative gluons attaching to the valence quark and to the valence anti-quark because of color transparency (or between virtual and real corrections to an inclusive process) even for the Wilson links in arbitrary directions; once the two pieces of Wilson links are oriented in different directions, the dipolar structure is broken, and the pinched singularity in Wilson-line self-energy corrections, arising from the integrand
Then only a single soft function is required to remove this ordinary infrared singularity, when the two pieces of Wilson links are anti-parallel to each other, i.e., n ′ µ = −n µ , and even no soft function is needed, when the two pieces of Wilson links are orthogonal to each other, i.e., n · n ′ = 0. It will be explicitly verified at one-loop level that the simpler definitions exhibit the same infrared behavior as the complicated one suggested by Collins [1] , and satisfy the similar evolution equation in Wilson-link rapidity.
We take the TMD pion wave function defined for the k T factorization of an exclusive process as an example. The observations obtained in this work certainly apply to a TMD parton density for an inclusive process. Following [7] , the complicated soft substraction factor with a square root is introduced to the un-subtracted wave function with the light-like Wilson lines in the direction n − = (0, 1, 0 T ): × lim
with the coordinate z = (0, z − , z T ) and the gauge link
The soft function in Eq. (1) reads
where y A and y B are the rapidities of the gauge vectors n A and n B , and the color indices a, b, c, d have been specified in [7] . The non-light-like vector n 2 = (e −y2 , e y2 , 0 T ) with the rapidity −y 2 approaches to n − in the limit y 2 → ∞. The vertical Wilson lines connecting the longitudinal Wilson lines in Eq. (1) at infinity do not contribute in covariant gauge.
The soft subtraction factor was designed in the way that the rapidity divergences associated with the gauge vector n 1 cancel between S(z T ; y 1 , −y 2 ) and S(z T ; y 1 , y u ), the pinched singularities in the self-energy corrections to the Wilson lines in n 2 cancel between S(z T ; y 1 , −y 2 ) and S(z T ; −y 2 , y u ), and the rapidity divergences in the un-subtracted wave function are cancelled by S(z T ; y 1 , y u ) and S(z T ; −y 2 , y u ) in the limit y u → −∞. The above cancellations are easily understood from the typical one-loop diagrams for the soft subtraction factor in Fig. 1 . Figure 1 (a) yields the integral
where k
T denote the plus and transverse components of the quark momentum before (after) the gluon emission for the partonic configuration |q(k)q(p − k) in the Fock-state expansion of |π(p) , and the shorthand notationk
+ has been adopted. The gluon mass m g regularizes the soft divergence to be cancelled by the contribution from Fig. 1 
The one-loop integrals for the un-subtracted TMD wave function from Fig. 2 are written as
T , and φ
T . It is straightforward to show that the rapidity singularities from l + = 0 cancel in the combination φ
b . As argued in [13] , the contribution from Fig. 2(c) is suppressed in the small k + limit. The contribution from Fig. 2 (f) vanishes in Feynman gauge due to the light-like gauge link in the direction
One-loop graphs for the un-subtracted TMD wave function.
of n − , and it is cancelled by those of the corresponding diagrams from S(z T ; y 1 , y u ) and S(z T ; −y 2 , y u ) in arbitrary gauge.
The remaining infrared divergences in Eq. (1) are then the collinear ones regularized by the parton virtuality k 2 T . To extract the collinear logarithm ln k 2 T explicitly, we convolute the next-to-leading-order pion wave function with the leading-order hard kernel H (0) of the pion transition form factor:
where the ellipsis represents the terms independent of ln k 2 T at leading-power. The hard kernel obtained from matching the QCD diagrams onto the effective diagrams φ C(1) must be free of ln k 2 T in order to validate the k T factorization theorem. It is indeed the case that Eq. (6) cancels the ln k 2 T terms in the results of one-loop QCD diagrams for the pion transition form factor given by Eq. (20) of [13] . We also derive the rapidity evolution equation in the small k
where the MS scheme for the ultraviolet renormalization has been implemented. The µ-dependent logarithm was also observed in the rapidity evolution kernel for the TMD fragmentation function (see Eq. (13.55) of [7] ), and calls for a simultaneous treatment of the rapidity and factorization-scale evolutions. As explained before, the pinched singularity is induced in the self-energy correction to the dipolar Wilson lines in the same direction. Hence, we reverse the Wilson link associated with the quark filed u(z) and propose
where the non-light-like gauge vector n 2 is introduced in the un-subtracted wave function in contrast to Eq. (1). The additional Wilson links located at infinity, including a vertical link at minus infinity, a longitudinal link at vertical infinity, which runs from minus infinity to plus infinity, and a vertical link at plus infinity, are understood for both the un-subtracted wave function and for the soft factor specified below. These Wilson links do not contribute in covariant gauge. Figure 2 (f) in this definition yields
where 1/ǫ ≡ 1/ǫ − γ E + ln(4π), and the pinched singularity associated with a non-light-like Wilson link has been alleviated into a logarithmic soft divergence regularized by the gluon mass. The "⊕" subtraction is defined as
The soft factor is then greatly simplified intō
with the one-loop expression
The ordinary logarithmic soft divergence disappears in the difference of φ
. It is easy to confirm by appropriate variable changes that the reversed Wilson link does not alter the results for Figs. 2(a) and 2(d) obtained in [13] . Therefore, all the graphs in Fig. 2 with the non-light-like Wilson lines reproduce the ln k 2 T terms in [13] , namely, the same as in Eq. (6) after the soft subtraction. The rapidity evolution equation is also the same as in [13] 
Another special case with two orthogonal pieces of off-light-cone Wilson links gives
where v = (e −y2 , −e y2 , 0 T ). The orthogonality n 2 · v = 0 implies that the contribution of Fig 2(f) (6), and the rapidity evolution equation identical to Eq. (13) . Setting the factorization scale in Eq. (7) to the hard scale, µ = p + , also renders Eq. (7) the same as Eq. (13) in the small k ′ + limit. We claim that all the three TMD definitions considered in this work are equivalent in the infrared behavior and in the evolution with the Wilson-link rapidity, and these definitions supersede that presented in [14] .
To conclude, we have proposed the TMD wavefunction definitions with non-dipolar off-light-cone Wilson links, which realize the k T factorization of hard exclusive processes appropriately. They are free of the rapidity divergences and of the pinched singularity in the self-energy correction to the dipolar Wilson lines, and require much simpler or even no soft subtraction in Feynman gauge. We illustrated their properties by considering two special cases with two anti-parallel gauge vectors and with two orthogonal gauge vectors. It was explicitly demonstrated at one-loop level that these two definitions yield the same collinear logarithms to be cancelled by those in the QCD diagrams as Collins' complicated definition [7] , albeit with a distinct ultraviolet structure. The evolution equations in the Wilson-link rapidity from the three definitions are also similar. Our proposals for TMD wave functions easily fill up the ultimate gap for complete proofs of k T factorization theorems of exclusive hard reactions, and facilitate the derivations of their various evolution equations. The novel soft subtraction factors in TMD parton densities proposed here will simplify the precision calculations of various transverse-momentum spectra, such as those of electro-weak gauge bosons and Higgs particles, when the k T factorization theorem is applied. Our proposals will be extended to TMD wave functions for heavy-to-light transitions in heavy-quark effective theory, which will put the perturbative QCD factorization approach on more solid ground. , and S
with the factor
It is evident that Eq. (15) is free of the rapidity divergence from k + = k ′ + , and contains only the ordinary logarithmic soft divergence regularized by the gluon mass. This logarithmic divergence is cancelled precisely by that in the sum of φ
, and S
Calculation of Fig. 2 (c) leads to
which does not contain a soft divergence. The next-toleading-order TMD pion wave function from Fig. 1 and Fig. 2 is then given by
where the "⊕" piece can be read from Eqs. (15) and (18) directly.
Computing all the one-loop graphs in Fig. 2 for the definition in Eq. 
